A NOTE ON EULER KERNELS
AND ONE-DIMENSIONAL RIESZ POTENTIALS

HIROYUKI CHIHARA

ABSTRACT. We compute some Fourier transformations to understand the relationship be-
tween Euler kernels and one-dimensional Riesz potentials.

For a complex number A satisfying Re() > 0, set

(+2)3 "
INOY
where ¢, =t fort > 0andt, = 0 for¢ < 0, and I'()\) is the gamma function defined by

H}(z) = r €R,

'(\) ::/ e 't tdt, Re(\) > 0.
0

Inpatricular, H'(x) is so-called the Heaviside function Y (). H? and H? are said to be Euler
kernels. We denote by . (R) and .’(R) the Schwartz class, which is the set of all rapidily
decreasing functions, and its topological dual, which is the set of all tempered distributions,
on R respectively. It is easy to see that H} € .#/(R) for Re(\) > 0, and we can consider its
Fourier transform. For f € .#/(R), its Fourier transform and its inverse Fourier transform are
defined by

FUNE) = f(6) = / e f(r)dr, € € R,
FU)(@) = f(—z) = / ST f(E)dE, @ e R.

Proposition 1. We have for Re A > (),
F[HL(E) = (£27i€ +0) 7 = Hﬁ)l(:l:Qﬂ'Zf +e)™

Proof. 1t suffices to show Z[H}|(€) = (2mi& + 0)~* since H* () =3 (—=x). Since

|H2 (7)|e™*"dx < oo, H}(x)e ™™ — H}(z) in Z'(R) (]0),

: 1 - —(2mi&+e)x A —
y[Hi](S) :lalg)lm/o e (2migte) ZL'/\ 1d{E.
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By using Cauchy’s theorem for e=¢¢*~! in the half plane Re(¢) > 0, we deduce that

ar H)\ N\ p—ET _ (27”6_‘_6)_)\ > —(2mi&+e)x 27ri A—1 27i d
FU (e = Topa [ e (arie 4 ) 2 + e)da
= (2mi& + )™
Hence we have .Z [H?}](¢) = (2mi& + 0)*. O

Here we inrofuce one-dimensional Riesz potential I,(z) for 0 < Re(A) < 1. This is
defined by

L(z) = Z* [ml (2).

It is well-known the folowing facts.

Proposition 2. We have for 0 < Re(\) < 1

L(z) = Cylz|*Y, Oy =271 <¥> /F (%) :

Proof. Ttis easy to see that [, (—z) = I\(z) and Iy(tz) = t* *Iyz for t > 0. Thus, if we set
C\ = I,(1), then I\(z) = Cy|z|*"L. Tt is not easy to compute I)(1). We here use Fourier
transform of tempered distributions. Recall .Z*[e~™"](¢) = e ™. Then have

¥ O e [ O
o 7 TN
1 2 > 1 2
_ —me?\ _ g2 g
<<27r|as|>”€ > /oo<27r|x|>A€ 3

By using the change of variable 722 = s and m&* = t respectively, we obtain

O\ e <O\ e
/_OO —|x|1_)\e de/O —|x|1_)\e dx
_ C)\ﬂ_—)\/Q /OO e—ss)\/Q—ldS
0
= C)\7T_>\/2F (%) ,

o 1 2 o 1 2
—ng — -7
e ™ dg =2 / e
/_oo (27][)A o (2mfz)?
0

B S (ﬂ) .
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Comparering them, we obtain

1—\ A
C\ =2 127 (T) /F (5) .

This completes the proof. U



Fort € R\ {0} and ¢ > 0, we deduce that

(’Lt —+ g)f)‘ = e*)‘LOg(itJFE) — e*)\{longriArg(itJrs)}

) —imAsgn(t)/2
_ e—/\{log|t\+msgn(t)/2+o(l)} — € —‘t|/\ {1 + 0(1>}7
e—iﬂ/\sgn(t)/Q
t+0) =
(it +0) P

By using this, we have the following.

Proposition 3. We have for 0 < Re(\) < 1
eFimAsgn(§)/2

. S
(£2mil +0)" = e

ie, F[HY(€) = F[L]()eTimsen@)/2,

By using the Euler kernels and the Riesz potentials, we can consider some kind of integration
of order A for 0 < Re(\) < 1 as follows. For f € .”(R), we define
1

Rw) = H} * 10 = 75 / o= g )y,

Gi(z) =Ly f(x) = C) /00 W)

——= .
—00 ’.CL’ - yll_)\ Y

Note that N
R = [ sy
is a primitive function of f.
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