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ABSTRACT. We compute some Fourier transformations to understand the relationship be-
tween Euler kernels and one-dimensional Riesz potentials.

For a complex number λ satisfying Re(λ) > 0, set

Hλ
±(x) =

(±x)λ−1
+

Γ(λ)
, x ∈ R,

where t+ = t for t > 0 and t+ = 0 for t ⩽ 0, and Γ(λ) is the gamma function defined by

Γ(λ) :=

∫ ∞

0

e−ttλ−1dt, Re(λ) > 0.

Inpatricular, H1(x) is so-called the Heaviside function Y (x). Hλ
+ and Hλ

− are said to be Euler
kernels. We denote by S (R) and S ′(R) the Schwartz class, which is the set of all rapidily
decreasing functions, and its topological dual, which is the set of all tempered distributions,
on R respectively. It is easy to see that Hλ

± ∈ S ′(R) for Re(λ) > 0, and we can consider its
Fourier transform. For f ∈ S (R), its Fourier transform and its inverse Fourier transform are
defined by

F [f ](ξ) = f̂(ξ) :=

∫
R
e−2πixξf(x)dx, ξ ∈ R,

F ∗[f ](x) := f̂(−x) =

∫
R
e2πixξf(ξ)dξ, x ∈ R.

� �
Proposition 1. We have for Reλ > 0,

F [Hλ
±](ξ) = (±2πiξ + 0)−λ := lim

ε↓0
(±2πiξ + ε)−λ.

� �
Proof. It suffices to show F [Hλ

+](ξ) = (2πiξ + 0)−λ since Hλ
−(x) =

λ
+ (−x). Since∫

R
|Hλ

+(x)|e−εxdx < ∞, Hλ
+(x)e

−εx → Hλ
+(x) in S ′(R) (ε ↓ 0),

We have

F [Hλ
+](ξ) = lim

ε↓0

1

Γ(λ)

∫ ∞

0

e−(2πiξ+ε)xxλ−1dx.
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By using Cauchy’s theorem for e−ζζλ−1 in the half plane Re(ζ) > 0, we deduce that

F [Hλ
+(·)e−εx](ξ) =

(2πiξ + ε)−λ

Γ(λ)

∫ ∞

0

e−(2πiξ+ε)x{(2πiξ + ε)x}λ−1(2πiξ + ε)dx

= (2πiξ + ε)−λ.

Hence we have F [Hλ
+](ξ) = (2πiξ + 0)λ. □

Here we inrofuce one-dimensional Riesz potential Iλ(x) for 0 < Re(λ) < 1. This is
defined by

Iλ(x) := F ∗
[

1

(2π|ξ|)λ

]
(x).

It is well-known the folowing facts.� �
Proposition 2. We have for 0 < Re(λ) < 1

Iλ(x) = Cλ|x|λ−1, Cλ = 2−λπ−1/2Γ

(
1− λ

2

)/
Γ

(
λ

2

)
.

� �
Proof. It is easy to see that Iλ(−x) = Iλ(x) and Iλ(tx) = tλ−1Iλx for t > 0. Thus, if we set
Cλ := Iλ(1), then Iλ(x) = Cλ|x|λ−1. It is not easy to compute Iλ(1). We here use Fourier
transform of tempered distributions. Recall F ∗[e−πx2

](ξ) = e−πξ2 . Then have∫ ∞

−∞

Cλ

|x|1−λ
e−πx2

dx =

⟨
Cλ

|x|1−λ
, e−πx2

⟩
=

⟨
1

(2π|x|)λ
, e−πξ2

⟩
=

∫ ∞

−∞

1

(2π|x|)λ
e−πξ2dξ.

By using the change of variable πx2 = s and πξ2 = t respectively, we obtain∫ ∞

−∞

Cλ

|x|1−λ
e−πx2

dx2

∫ ∞

0

Cλ

|x|1−λ
e−πx2

dx

= Cλπ
−λ/2

∫ ∞

0

e−ssλ/2−1ds

= Cλπ
−λ/2Γ

(
λ

2

)
,∫ ∞

−∞

1

(2π|x|)λ
e−πξ2dξ = 2

∫ ∞

0

1

(2π|x|)λ
e−πξ2dξ

= 2−λπ−(λ+1)/2

∫ ∞

0

e−tt(1−λ)/2−1dt

= 2−λπ−(λ+1)/2Γ

(
1− λ

2

)
.

Comparering them, we obtain

Cλ = 2−λπ−1/2Γ

(
1− λ

2

)/
Γ

(
λ

2

)
.

This completes the proof. □
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For t ∈ R \ {0} and ε > 0, we deduce that

(it+ ε)−λ = e−λLog(it+ε) = e−λ
{
log

√
t2+ε2+iArg(it+ε)

}
= e−λ

{
log|t|+iπ sgn(t)/2+o(1)

}
=

e−iπλ sgn(t)/2

|t|λ
{
1 + o(1)

}
,

(it+ 0)−λ =
e−iπλ sgn(t)/2

|t|λ
.

By using this, we have the following.� �
Proposition 3. We have for 0 < Re(λ) < 1

(±2πiξ + 0)−λ =
e∓iπλ sgn(ξ)/2

(2π|ξ|)λ
, i.e., F [Hλ

±](ξ) = F [Iλ](ξ)e
∓iπλ sgn(ξ)/2,

� �
By using the Euler kernels and the Riesz potentials, we can consider some kind of integration
of order λ for 0 < Re(λ) < 1 as follows. For f ∈ S (R), we define

Fλ(x) := Hλ
+ ∗ f(x) = 1

Γ(λ)

∫ x

−∞
(x− y)λ−1f(y)dy,

Gλ(x) := Iλ ∗ f(x) = Cλ

∫ ∞

−∞

f(y)

|x− y|1−λ
dy.

Note that
F1(x) =

∫ x

−∞
f(y)dy

is a primitive function of f .
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